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Proof-of-Principle Application to Artificial Neural Network

Moments and wave function

The particle density, n, can be obtained from the
moments via Edgeworth series [1]. Here the 1D case
is demonstrated.

where {Pj} is the set of all positive integer partitions of j.
An integer partition of integer j is all the possible ways to
sum up positive integers to j. For example, if j = 3, then
the integer partitions are 1 + 1 + 1 =1 + 2 = 3. For each
partition Pjm within Pj, where m is the index of the partition
in the set:

Derivatives of the phase can be expressed as

In practice, the numerical difference quotient can
be used with the Edgeworth series to calculate ⍺x.

Moment Propagation Equation of Motion
The explicit wave function dependence for the second time-derivative
is removed to yield the equation of motion for the moment propagation 
theory (MPT).

Electron Potential Energy Surface (EPES)
When the energy conservation principle holds, the second time derivative can 
be also found using

Analytical Solution for Harmonic Potential w/ Homogeneous E-Field

For V(x)=x2 + c(t)x, the analytical solution can be obtained

1D harmonic potential with external electric field given by

<x> moment

<x2> moment

Input Nodes
• <x>
• <x2>
• (d<x>/dt)2
• (1+( dS/dt)2)/S

Hidden Layers

• 2 Layers
• 8 Selu activation 

function per layer

Output Nodes

• Second time 
derivatives of 
the moments

S = <x2>-<x>2

Artificial Neural Network
The artificial neural network (ANN) was trained on data generated through propagating 
TDSE (wave function theory). 

Input descriptors for the ANN were motivated by the analytical solution for the 
harmonic potential problem.

Introduction and Motivation

Moments of the position operator are given by Time-dependent Schrodinger equation (TDSE):

Wave function propagation (TDSE)
MPT w/ 2nd-order Edgeworth 
MPT w/ 4th-order Edgeworth 
EPES w/ 2nd-order Edgeworth

Recent development of real-time time-dependent density functional theory (RT-TDDFT) in maximally-localized Wannier functions
(MLWF) gauge and the use of the artificial neural network (ANN) for modeling quantum dynamics have motivated us to explore how
single-particle time-dependent Schrodinger equation can be reformulated as the dynamics of moments of the position operator. A
theoretical formalism for this moment propagation is developed and numerical demonstrations are given
for simple proof-of-principle systems where analytical solutions can be derived. We further propose how
ANN can be used to perform efficient quantum dynamics simulations with the newly developed moment
propagation theory.
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