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/ Background: \

Waves Goal: Modity an existing rP-weighted energy estimate [1][2][4] to account for damping.

Basic notations:
e Let udenote the wave function.
O u & CZ(R_HRg)
o identically o0 outside the light cone

Theorem. Fiz 0 < p < 1 and let a > 0. Suppose u € C*(R, x R?) and for

e Wave operator (d’Alembertian):

p
_ 2 A everyt € Ry, rz|u(t,x)| = 0 as |x| = 0o. Then for U+ ad; = 0,
e Decomposition of the gradlent Wi = —8 + ¥ L . 9 T 9
e Radial derivative: o, = © . v / / 1 ((5’15 + 0,) (ru)) dx dt +/ / <'r>p7“_1|Wu| dx dt
e Angular derivative: ¥ 0 JRS 0 JRS3
I : 2 r 2
Waves that propagate at finite speeds may only L <7~>p7~_ ((8t S ar)<71u)) de di <7,,>p | dr dt
occupy a region of spacetime called the “light 0 R3 0 3
cone.” T
—2
+ a (rYP™* v dz dt

Derivatives 0 R3

tangent to the

light cone are [U] (O)

of particular

interest for

estimates.

Result:

Introducing Damping: D i SCUS SiO I

e Damping is a force that reduces the amplitude

of oscillations (e.g. drag, electrical resistance) T <T>p—1 2 i (r)? 5 T <T>p’—1 ,
e Equation of a free wave (no damping): Cy = () Undamped: / / 5 ((at = (TU)) dx dt / / — | WU‘ dx dt / = | u“dzdl
e Equation of a linearly damped wave: ! = E - , 3 : - ks -
( I ac‘?t)u =0 a=0 Damped: / / g ((8,5 + O,) (ru)) dx dt / / ‘Wu‘ dx dt / / (rY?=2 w2 dx dt
undamped wavefead (SRS & o
e Powers of r increase with damping, improving the estimate by increasing the lower bound.
A ‘ ‘ ‘ o This improvement is expected because damping provides an additional source of decay.
e Note that the range of the constant p does not show improvement. In previous literature [4] for the
V undamped case, the range of p was allowed to be 0 < p < 2, while the damped case requires 0 < p < 1.
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/ Background: \
Energy

Energy is defined as

1
= 5/ W/ (t, z)|* do

An energy estimate bounds derivatives of the
wave function by initial energy.

Estimates:
e Conservation of Energy for Damped Waves:

Elul(t) < Elul(0)

e Morawetz Estimate [5]:

/T [¥ul’ dx dt < Elul(0)
0 JR3

r

e Weighted Estimate:

To improve the bound, an estimate can include
some function as a weight [3,6].

One such estimate is represented visually below.

For a packet ii of a solution, and radius R about

the origin, ii spends no longer than O(R) in the
radial region.

/ /|x<3‘ (t. o) dz dt < R E[u(0)
> sup / /WRW (t. 2V dz dt < Efu(0)

In our work, we modify an estimate [2,4] that
uses an r? weight [1], to be used for damped

!vaves, as stated in the theorem. /
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