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Introduction

Moments with increasing orders of the position operator with the 
particle density are

Recent development of real-time time-dependent density functional theory (RT-
TDDFT) in maximally-localized Wannier functions (MLWF) gauge [1] and the use of 
machine learning (ML) for modeling quantum dynamics have motivated us to employ 
our newly formulated moment propagation theory (MPT) [2] for efficiently simulating 
quantum dynamics of electrons. Theoretical formalism for the moment propagation is 
presented and numerical details for using the theoretical formalism for ML models is 
demonstrated. Results for single molecules and a condensed matter system are 
presented.
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According to time-dependent Schrödinger equation in the 
single-particle description, the first and second order time 
derivatives can be written as [2],

The EOM for the moments can be expressed as a function F 
that depends on the moments and their time derivatives:

Using the matrix 
notation, the moments 
are represented as 

Using a simple linear model, the second order time derivatives 
of the quantum-particle j with the order of moments (a,b,c) is 
given by

Y defines the moments and 
their time derivative, as we 
have

where P is the eigenvalue 
matrix and Q is the 
eigenvector matrix of A.

RT-TDDFT in Wannier Function Gauge

Definitions of moments with  periodic boundary conditions:

Dielectric function:

Ridge regression:

In this analytical formulation, unphysical 
behavior stemming from noises in the ML can 
be removed conveniently.

Dipole strength function:

RT-TDDFT simulation is 
performed using Qball 
code and collect 
moments of TD-MLWFs.

Machine learning models 
are developed for 
learning the quantum 
dynamics via MPT.

EOM for the MPT-ML is 
solved to obtain the optical 
absorption spectrum from 
the moments.

Using the MPT-ML model with up 
to 2nd order moments, the Ridge 
regression technique is also 
employed for preventing the 
overfitting problem.

𝑥!𝑦"𝑧# 𝑡 ≡&𝑥!𝑦"𝑧# 𝑛 𝑥, 𝑦, 𝑧, 𝑡 𝑑𝑥𝑑𝑦𝑑𝑧

𝑑$

𝑑𝑡$
𝑥%𝑦&𝑧' 𝑡 = 𝑭 𝑥(𝑦)𝑧* 𝑡 , +

+, 𝑥
(𝑦)𝑧* 𝑡

However, it’s analytical form is very complicated for the use 
in first-principles electronic structure theory [2].
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Water Molecule

As a proof-of-principle application of the MPT-ML approach to quantum dynamics, optical absorption spectra are computed.  

Training Set : RT-TDDFT in Wannier gauge for a 200 a.u. simulation with △t of 0.2 a.u. 
Plane-wave basis set with 40 Ryd. Cutoff using Optimized Norm-Conserving Vanderbilt (ONCV) pseudopotential pseudopotentials.   

Liquid Water

Benzene Molecule Ethene Molecule

Training Set :  RT-TDDFT (PBE) in Wannier gauge : 162 H2O w/ PBC : 250 a.u. simulation with △t of 0.1 a.u. 
Plane-wave basis set with 50 Ryd. Cutoff using HSCV pseudopotentials.   
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Application of Nearsightedness Principle of Electronic Matter with MPT-ML [3]
“local electronic properties, such as the density n(r), depend significantly on the effective external potential only at nearby points. Changes of that 
potential, no matter how large, beyond a distance R have limited effects on local electronic properties, which rapidly tend to zero as function of R”
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2. Theory of Moment Propagation for Quantum Dynamics in Single-Particle 
Description
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+𝐴./ Ensures the maximal localization of the gauge invariant orbitals.

Example : 

Then, 

MLWFs

The loss function, L, is minimized

where LM is the linear model
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